Abstract. We prove an analogue of the Atiyah-Bott-Berline-Vergne localization formula in the setting of equivariant basic cohomology of K-contact manifolds. As a consequence, we deduce analogues of Witten's nonabelian localization and the JeffreyKirwan residue formula, which relate equivariant basic integrals on a contact manifold M to basic integrals on the contact quotient M 0 := µ −1 (0)/G, where µ denotes the contact moment map for the action of a torus G. In the special case that M → N is an equivariant Boothby-Wang fibration, our formulae reduce to the usual ones for the symplectic manifold N .
Let (M, α) be a compact connected contact manifold of dimension 2n + 1. Then M has a natural foliation F whose leaves are the orbits of the Reeb vector field R. If R integrates to a free S 1 -action, then the space of leaves M/F is naturally a symplectic manifold of dimension 2n and via the pullback of the projection, we can identify differential forms on M/F with basic differential forms Ω(M, F ) ⊂ Ω(M). Usually, however, R does not integrate to an S 1 -action and the space of leaves fails to be a manifold.
Nevertheless, we can always consider the subcomplex Ω(M, F ) ⊂ Ω(M) of basic differential forms. The basic cohomology of M is the cohomology of this complex, and it behaves very much like the cohomology of a compact 2n-dimensional symplectic manifold, at least under the K-contact assumption. Suppose now that in addition a torus G acts on M, preserving the contact form. Then using the Cartan model of equivariant cohomology, we obtain a subcomplex Ω G (M, F ) ⊆ Ω G (M) of Reeb basic equivariant differential forms. The corresponding cohomology ring H G (M, F ) is a module over
In what follows, we denote by µ : M → g * the contact moment map defined by µ, ξ := α(ξ M ), by {φ t } the flow of R and by T its closure. Our first result is an analogue of the Atiyah-Bott-Berline-Vergne localization formula [AB84, BV82] .
Theorem 1.1. Suppose a torus G acts on a K-contact manifold (M, α) such that G preserves α, and suppose in addition that the G-fixed points have closed Reeb orbits.
Then we have for all η ∈ H G (M, F ) the identity
where C = Crit µ, i j : C j ֒→ M denotes the inclusion of the connected components C j ⊆ C, and e G (νC j , F ) denotes the equivariant basic Euler class of the normal bundle to C j . Remark 1.2. We note that for this result, it is sufficient to assume that all G-fixed points have a closed Reeb orbit, an assumption that is weaker than assuming 0 to be a regular value of Ψ and that is automatically satisfied for total spaces in the BoothbyWang fibration. This theorem is closely related to results obtained in [Töb14, GNT17] .
Our second main theorem is an application of Theorem 1.1 in the case that 0 is a regular value of the contact moment map µ to obtain an integration formula relating integration of equivariant basic forms on M to integration of basic forms on M 0 := µ −1 (0)/G, generalizing the results of Witten [Wit92] and Jeffrey-Kirwan [JK95] 
basic Kirwan map, and therefore allows one to compute the basic cohomology ring of the quotient.
Basic cohomology.
We define the F -basic (or simply basic) forms on M to be
where X(F ) denotes the vector fields which are tangent to the foliation. Then one immediately sees that dΩ k (M, F ) ⊆ Ω k+1 (M, F ), so that Ω(M, F ) is a subcomplex of the de Rham complex of M. Recall that M is compact. There is a natural Poincaré pairing on basic forms defined by
Definition 2.2. The basic cohomology of (M, F ), denoted by H * (M, F ), is the cohomology of the complex Ω(M, F ). We suppose now that a torus G acts on M, preserving the contact form. Then the action of G commutes with the flow of the Reeb vector field. In particular, the action of G preserves the foliation F and commutes with the T -action. Let g denote the Lie algebra of G. For any ξ ∈ g, we let ξ M denote the corresponding fundamental vector field on M, defined as
Let S(g * ) denote the symmetric algebra of g * (i.e. S(g * ) is the algebra of polynomial functions on the vector space g). The complex of equivariant differential forms Ω G (M) is the complex with underlying vector space
with grading deg(f ⊗ η) = 2 deg(f ) + deg(η) and differential
(Note the sign in the differential -this is chosen to be consistent with [JK95] .) Proposition 2.10. There is a natural long exact sequence in equivariant basic cohomology
Proof. By standard homological algebra, this follows from the existence of the short
Proposition 2.11. We have an isomorphism
Proof. We follow the same line of arguments as in the usual equivariant case (see [GS99, Theorem 11.1.1]). Extending by 0 gives a natural inclusion of equivariant basic forms
. Φ induces an isomorphism on cohomology: First, let i : A ֒→ U be a G×T -invariant tubular neighborhood of A and let η ∈ Ω G (M, A, F ) be an equivariantly closed form. Then by Lemma 2.8, we can find
Let ρ be a G × T -invariant smooth function which is identically 1 on some smaller neighborhood of A and which is compactly supported in U.
is in the kernel of the induced map on cohomology, i.e., that there
Then since η is compactly supported on M \ A, there exists a neighborhood U of A on which η is identically zero. Therefore λ is closed on U. Since i * λ = 0 by assumption, by Lemma 2.8, as above, we have
. Now let ρ be an invariant smooth function which is identically 1 on a neighborhood of A and which has compact support in U.
2.4. The contact moment map. Recall that for any ξ ∈ g, we let ξ M denote the corresponding fundamental vector field on M. By the invariance of the contact form α, If 0 is a regular value of µ, the level set µ −1 (0) is a smooth G×T -invariant submanifold of M, on which G acts locally freely. We define the contact reduction
which is a contact orbifold (and an honest manifold if the action of G on µ −1 (0) is free). Since G and the Reeb flow commute and the Reeb orbits are transversal to the 
Proof of Lemma 3.18]) via the Cartan map. This implies that we have an isomorphism
, where the later denotes the cohomology of the R-basic differential forms on M 0 . There is a natural map 
We will need a local normal form of the contact moment map in a neighborhood of µ −1 (0). In order to obtain it, we need to show the uniqueness of certain coisotropic embeddings into contact manifolds. 
Moreover 
α t vanishes on Y and, on U, it isα t (R 0 ) = 0. Define a K-invariant time dependent vector field X t tangent to the contact distribution ξ t := ker α t and vanishing on Y by
Denote the time dependent flow of
On U, 0 =α t (R 0 ) =α t (R t ). We will find a small neighborhood U 0 of Y with ϕ t (U 0 ) ⊂ U for every t, then we have 
To prove this Theorem, we adjust the proof of the well-known Coisotropic Embedding Theorem for symplectic manifolds (see, e.g., [GS84, Theorem 39 .2]) to the contact setting and extend it in order to obtain an equality of contact forms, not only of their differentials. The following notation is used.
Proof. Consider the maps
however, yields that ϕ j is injective. For dimensional reasons, ϕ j then has to be surjective, as well. Since i j is an equivariant embedding, we have
Proof of the Embedding
(A neighborhood of the zero section of) N j can be identified with a K-invariant tubular neighborhood U j of i j (Z) in X j via the exponential maps of K-invariant Riemannian metrics, where Z embeds as the zero section. Then A yields a K-equivariant diffeomorphismÃ :
Thenα 1 is a contact form on U 1 . We want to apply Theorem 2.14.
Since the Reeb vector fields are fundamental vector fields of the same element of k and sinceÃ is K-invariant, dÃ(R 1 (p)) = R 2 (Ã(p)). It follows thatα 1 (R 1 ) = 1 and ι R 1 dα 1 = 0, so R 1 is the Reeb vector field ofα 1 on U 1 .
It remains to show that (dα
, which is seen as in the symplectic case. By Theorem 2.14, there is a neighborhood U of i 1 (Z) and a K-equivariant
Lemma 2.17. Suppose that 0 is a regular value of the contact moment map. Then the natural embedding µ
Proof. (ii) and (iii) are obviously satisfied. To show that the distribution
, recall that 0 is a regular value of µ, hence,
since the tangent space to the G-orbit consists of all fundamental vector fields. For
p ∈ µ −1 (0), it is 0 = µ(p)(X) = α p (X M (p)) for every X ∈ g. In particular, T p (G · p) ⊂ ker α p . It follows that (T p G · p) ⊥ dα = (T p G · p) ⊥ω ⊕ RR p . Equations (2.2) and (2.1) yield T p µ −1 (0) ∩ ker α p = T p (G · p) ⊥ω =: ζ p . Then ζ ⊥ω p = T p (G · p). µ is G-invariant, so for every X ∈ g, dµ p (X M (p)) = 0. We obtain ζ ⊥ω p = T p (G · p) ⊂ ker dµ p = (T p G · p) ⊥ dα and, hence, ζ ⊥ω p ⊂ (T p G · p) ⊥ dα ∩ ker α p = (T p G · p) ⊥ω = ζ p , ζ is coisotropic.
Lemma 2.18. Suppose that 0 is a regular value of the contact moment map. Then the embedding µ
−1 (0) ∼ = µ −1 (0) × {0} ֒→ µ −1 (0) × g * satisfies (i)-(iii)
of Theorem 2.15 with
Remark 2.19. Note that a G-invariant R-basic connection form has to exist: By [Mol88, Proposition 2.8], there always exists a connection that is adapted to the lifted foliation, i.e., such that the tangent spaces to the leaves are horizontal. Since G × T is compact, we can obtain a G × T -invariant adapted connection form by averaging over the group. But this connection form then has to be basic, or, as Molino calls it, projectable.
Proof.
Choose an orthonormal basis (X i ) of g and denote its dual basis by (
which is non-degenerate. Therefore, there is a neighborhood
R is the Reeb vector field of (U,α). It remains to show that the distribution
The contact moment mapμ on (µ
The rest of the proof works analogously to that of Lemma 2.17.
Applying Theorem 2.15 to the two coisotropic embeddings in Lemmata 2.17 and 2.18, we obtain a local normal form of µ around µ −1 (0).
Proposition 2.20. Suppose that 0 is a regular value of µ. Then there is a
such that in this neighborhood the contact form α is equal to q * α 0 + z(θ), where To begin, let p : U → A denote the projection of a G × T -invariant tubular neighborhood. Since U is a G × T -equivariant fiber bundle over A, there is a well-defined pushforward map p * :
, defined by fiberwise integration. Note that p * maps equivariant basic forms to equivariant basic forms. From the definition of p * we immediately obtain the following, which shows that p * descends to a well-defined map on equivariant (basic) cohomology.
Lemma 3.1. Let p : U → A be the projection and let p
The basic equivariant pushforward i * will be constructed as follows. An equivariant basic Thom form is a closed form τ ∈ Ω d G,c (U, F ) satisfying p * τ = 1. We will give a construction of equivariant basic Thom forms at the end of this section. Suppose for now that an equivariant basic Thom form has been constructed. Then we define the basic equivariant pushforward as the composition
where the last arrow denotes extension by zero.
Proposition 3.2. The basic equivariant pushforward satisfies, for all closed forms
As in [GS99] , we obtain that the induced map on cohomology p * :
It remains to construct the equivariant basic Thom form. We use a variant of the Mathai-Quillen construction based on the presentation in [GS99, Chapter 10] (see also [Töb14, GNT17] for closely related constructions). First we identify U with the normal bundle N → A, equipped with a G×T -invariant metric. Let P → A denote the bundle of oriented orthonormal frames of N:
It 
where E denotes the foliation induced by R on P . Let p 2 :
By analogous arguments to [GS99, §10.4], we hence have the following.
3.2. The localization formula. In this section, we would like to derive a basic version of an Atiyah-Bott-Berline-Vergne type localization formula. We follow the line of proof in [AB84] , adjusting it to the basic setting. We assume throughout that the G-fixed points have closed Reeb orbits. Then Crit (µ), the minimal, 1-dimensional G × {φ t }-orbits, are the 1-dimensional G × T -orbits. This assumption is obviously satisfied if all Reeb orbits are closed or if there are no G-fixed points. Note that the later is the case if 0 is a regular value of the contact moment map µ. Throughout this section, we work with cohomology with complex coefficients. Then S(g * ) = C[u 1 , ..., u s ], where the u i are coordinates of g * ⊗ C. We will make use of the notion of the support of a finitely generated module. Recall that in the special case of a module H over C[u 1 , ..., u l ], the support is the subset of C l defined by: Definition 3.4. For x ∈ M we denote by g x and g x the stabilizer algebra and generalized stabilizer algebra, respectively, to be
where R(x) ∈ T x M denotes the Reeb vector at x.
Then Crit (µ) = {x ∈ M | g x = g}. By our assumption, Crit (µ) is the union of the 1-dimensional G × T -orbits, and every connected component is a closed submanifold of even codimension (cf. [Cas17, Lemma 9]).
Proof. First note that the S(g * )-algebra structure on H G (U, F ) factors as
For all h ∈ G × T , we have g h·x = g x . In particular, the generalized stabilizer is constant along O. Let k be a complement of g x in g such that k is the Lie algebra of a subtorus K of G. Since g x acts trivially on Ω(O, F ), the Cartan complex can be written as
and [GT16, Lemma 3.18]). It also follows that K × {φ t } acts locally freely on O so that the orbits of this action define a foliation E of O. Since G × T is compact, we can, in particular, find a metric with respect to which the K × {φ t }-action is isometric. Hence, E is a Riemannian foliation (cf. also [Mol88, p. 100]). This, however, means that the basic cohomology Let C := Crit (µ). The previous result then immediately yields the following:
The same holds for any G × {φ t }-invariant subset of M \ C and, by exactness, for the relative equivariant basic cohomology of any pair in M \ C. 
modules have the same rank, dim H * (C, F ), and ker i * is exactly the module of torsion
Proof. From the long exact sequence for the pair (M, C), one sees immediately that ker i * is a quotient module of H G (M, C, F ), and that coker i * is a sub-module of
is a torsion module with support in gx =g g x ⊗ C by Corollary 3.7 and Proposition 2.11. Since H *
-module, the rank statement follows and every torsion element has to be mapped to zero under i * .
Proposition 3.9. The kernel and cokernel of the push forward i * :
and are therefore torsion.
Proof. Let U j denote a sufficiently small invariant tubular neighborhood of the con-
Then ∂U j is a sphere bundle over C j , in particular, a smooth manifold, and G × Tinvariant. Note that Definition 2.9 and Propositions 2.10 and 2.11 extend to include closed subsets that are G × {φ t }-invariant open submanifolds with invariant boundary. We consider the long exact sequence of the pair (M, M \ U). By the Thom isomorphism, H G (C, F ) ∼ = H G,c (U, F ) and H From the preceding two statements, it follows that i 
where C j ⊆ C denote the connected components and i j :
Proof. The inverse of i * on the localized module is given by Q :
. We therefore obtain for every
Now, using the definition of i * in terms of Thom forms we can express η as
where τ j is an equivariant basic Thom form compactly supported in a small G × Tinvariant tubular neighborhood U j of C j , p j : U j → C j is the projection. By Lemma 2.8, we have
Since (p j ) * τ j = 1, we obtain the desired integration formula by summing over j and using the identites (3.2)-(3.3). Let η be a form representing a class in H G (M, F ) and denote by Π * : H G (M, F ) → H G the basic equivariant pushforward Π * η = M α ∧ η. We will apply Π * to classes of type η ∧ e id G α , which are not equivariant basic cohomology classes according to our definition, since they are not polynomial but analytic in φ. This is well defined, provided one replaces the codomain with a suitable completion of H G . With this in mind, for any closed equivariant basic form η, with s = dim g and ǫ > 0, we consider the integral
Equivariant Integration Formulae
where dφ is a measure on g corresponding to a metric on g that induces a volume form
is independent of that choice. Note that I η (ǫ) is well defined; η ∧ e id G α is only of mild exponential dependence on φ so that the factor e −ǫ|φ| 2 /2 ensures convergence of the integral.
Following Jeffrey-Kirwan, we will relate the ǫ → 0 asymptotics of I η (ǫ) to intersection pairings on the contact quotient. First, we must rewrite I η (ǫ) in a more convenient form. For any (tempered) distribution on g, introduce the Fourier transform
By definition, F(f ) is naturally a distribution on g * . Set
Let g ǫ denote the Gaussian function g ǫ (φ) = e −ǫ|φ| 2 /2 , with Fourier transform (Fg ǫ )(z) = ǫ −s/2 g ǫ −1 (z). Note that I η (ǫ) can be viewed as the L 2 inner product of the functions g ǫ (φ) and Π * (η ∧ e id G α )(φ). Since the Fourier transform is an L 2 isometry, we have the following identity.
Lemma 4.1. 
This shows that Q η (y) is the integral over x ∈ M of a distribution S(x, y) on M × g which is supported on the set {(x, y) | − µ(x) = y}. Proof. Let C j denote a connected component of the critical set C = Crit µ of codimension d. By Proposition 2.12, G × T acts in R-direction only and its isotropy (g × t) C j has codimension 1. Let θ be a G × T -invariant, basic connection form on the bundle of oriented orthonormal frames of νC j and denote by F θ its (ordinary) curvature. Choose a basis (X i ) of g × t such that X 1 , ..., X r−1 is a basis of (g × t) C j and X r = R. Denote its dual basis by u i . Then, since θ is basic, ι Xr θ = 0. The basic G × T -equivariant Euler form is then given by
Denote by (G × T ) C j ⊂ G × T the subtorus that has (g × t) C j as Lie algebra. νC j is a (G × T ) C j -equivariant vector bundle over C j . By the splitting principle for equivariant bundles, we may assume that the normal bundle splits as a direct sum of
But we can also compute e (G×T ) C j (νC j , F ) as Pf
where (Y i ) denotes a basis of (g×t) C j and (b i ) its dual basis. (4.1) yields that if we extend e (G×T ) C j (νC j , F ) to all of g×t by setting it equal to 0 on RR, we obtain e G×T (νC j , F ). Hence, extending β j i ∈ (g × t) * C j and combining (4.1) and (4.2) yields
The definition of the Euler form yields that e G (νC j , F ) is exactly given by the restriction of e G×T (νC j , F ) to g so that, by (4.3),
By Theorem 1.1, we have that
It now follows with (4.4), by the same argument as [JK95, Lemma 2.2], that the pushforward may be written as a sum
where A j is a finite indexing set, c j,a ∈ H * (C j , F ) is determined by the c j i , and n j,i (a) is a non-negative integer. In particular, for every (j, a), the term on the right hand side of Equation (4.6) is given by the product of 
Lemma 4.4. Suppose that Q(y) is regular near the origin and define I(ǫ) and I 0 (ǫ) as above. Then we have the asymptotic
for some constant c > 0.
Proof. Let R(y) = Q(y) − Q 0 (y). Then R(y)
is piecewise polynomial and identically zero in a neighborhood of the origin. Pick δ > 0 so that R(y) is identically zero for |y| < δ. Switching to polar coordinates, we have
where c ′ is a constant that does not depend on ǫ. Since R(y) is piecewise polynomial, we can find constants a 0 , . . . , a N so that for |y| > δ, we have |R(y)| ≤ j a j |y| j .
Combining this with the previous estimate, we have
where c ′′ is a constant that does not depend on ǫ. This reduces the problem to estimating integrals of the form Proof. The claim is shown by induction on n. By substituting x = √ a −1 y, we obtain
where B √ aδ (0) denotes the ball of radius √ aδ, centered at the origin. By passing to polar coordinates, the integral becomes
For n = 1, we can directly compute
Thus, the claim holds for n = 0, 1. Now, let n ≥ 2 and suppose the claim holds for n − 2. We integrate by parts.
Setting p n (a −1/2 ) = 
where θ is a G-invariant basic connection form on the G-bundle q : 
In particular, with n 0 denoting the order of the regular isotropy of the action of G on µ −1 (0), we have
Proof. Recall that
By Lemma 4.2, when y is sufficiently small, we may replace the integral over M by an integral over U ⊂ M, where U is a neighborhood of µ −1 (0). Using the normal form of Proposition 2.20, we see that for small y
where µ −1 (0) × B h is canonically oriented by the contact volume form. Consider the
to the identity and, hence, i induces an isomorphism
The integral over µ −1 (0) × B h picks up only those components of the basic form
of degree 2n, so we can pass to the ordinary differential and
The second summand is basic, hence, its top degree part is zero. Thus, the whole summand vanishes under integration. By Stokes' Theorem, denoting the boundary of B h by S h , we obtain
As in the proof of Lemma 4.2, the previous equation becomes
Recall that the local normal form of the moment map is given by µ(p, z) = z. Then, for sufficiently small y, δ(−µ − y) is supported away from S h and it follows that ∆ = 0. This means that, for sufficiently small y,
Let j index an orthonormal basis of g resp. g * and set Ω = θ 1 ∧ ... ∧ θ s the volume form on the G-orbits,
We only obtain a non-zero contribution from e idz(θ) from the term containing (idz(θ))
since all the factors dz j must appear. Additional factors of θ will wedge to 0 with Ω, so z(θ) does not contribute to the integral. We obtain
The orientation on µ −1 (0) × B h is canonically given by the contact volume form
For z = 0, this volume form differs by a factor of (−1)
. Hence, when changing the orientation of µ −1 (0) × B h to that induced by ν in Equation 4.7, denoting the thusly oriented manifold by (µ −1 (0) × B h ) ν , we obtain a factor (−1) s(s−1)/2 and obtain
On B h , we consider the orientation induced by [dz] and we endow µ −1 (0) with the orientation induced by q * (α 0 ∧ dα n−s 0 ) ∧ Ω so that their product gives the orientation of (µ −1 (0) × B h ) ν . We continue our computation by integrating over B h and obtain
where we have replaced the term dθ by the curvature form
, which, as above, does not change the value of the integral. Therefore we obtain the claimed expression for Q η 0 (y). This is obviously a polynomial in y, since only finitely many terms in the power series expansion of e −iy(F θ ) are non-zero.
. Hence, together with above orientation on µ −1 (0), the projection q induces the same orientation on the fibers as Ω. Ω integrates to vol(G)/n 0 over the fiber, so, when y = 0, the previous equation becomes
Proof. The Cartan map yields −|F θ | 2 /2 = q * Θ in cohomology. By Proposition 4.6,
since Ω integrates to vol(G)/n 0 over the fiber.
Combining Lemma 4.4 with Proposition 4.7, we obtain Theorem 1.3. 
By Proposition 4.6, we then obtain
Using the expression for Π * (η ∧ e id G α ) provided by Theorem 1.1, namely, Equation (4.5), we obtain the claimed formula.
Examples
5.1. Boothby-Wang fibrations. We now explain how, for certain symplectic manifolds, the known results may be recovered from our main theorems. 
It now follows from Theorem 1.1 and Proposition 5.2 that we recover the standard localization theorem [AB84] for integral symplectic manifolds. 
.
Suppose that 0 is a regular value of the contact moment map µ. Then 0 is also a regular value of the symplectic moment mapμ that pulls back to −µ and vice versa. Denote by M 0 and N 0 the contact and symplectic quotients, respectively. We have the commutative diagram
With these identifications, in exactly the same manner as the proof of the previous theorem, we also recover the usual Jeffrey-Kirwan residue theorem [JK95, JK97] . 
Remark 5.5. Note that we obtain the residue formula as stated in [JK95, JK97] , without the sign that was added in [JK98] 
endowed with the following contact form α w and corresponding Reeb vector field R w In particular, (M, α) = (S 2n+1 , α w ) with the metric induced by the embedding M ֒→ C n+1 is a K-contact manifold. For w = (1, ..., 1), we obtain the standard contact form on the sphere. Notice that the underlying contact structure ker α w is independent of the choice of weight w. The flow of R w is given by φ t (z) = (e itw 0 z 0 , ..., e itwn z n ). Further-
The fundamental vector field X corresponding to 1 ∈ R ≃ s 1 is given by
and we compute the contact moment map to be
Lemma 5.6. The equivariant basic cohomology of (M, α) = (S 2n+1 , α w ) is given, as
Proof. To compute the equivariant basic cohomology of (M, α), consider the diagonal 
The composition with the restriction
is multiplication by the equivariant Euler class of the negative normal bundle to 0 ֒→ C n+1 , which is computed to be equal to ( 
If the weights β j of the G-action are such that λ j = λ l for every j = l, then Crit µ consists of n + 1 circles Proof. For every z ∈ ∪D j , we have X(z) = λ j R w (z), which yields ∪D j ⊂ Crit µ. If z ∈ M \∪D j , then there are k = j such that z k , z j = 0 and λ k = λ j . It follows that, for every λ ∈ R, β j (z j
form a basis of T z C n+1 , they are linearly independent at z, hence,
X(z) / ∈ RR(z).
Now suppose that λ j = λ l for every j = l. On C j , it is R w = w j (x j ∂ y j − y j ∂ x j ) and X = β j (x j ∂ y j − y j ∂ x j ) = With our localization formula, we can now compute the contact volume of weighted Sasakian structures on odd spheres. This result is known and can also by obtained by combining the observation of Martelli-Sparks-Yau [MSY06] that the volume of a toric Sasakian manifold is related to the volume of the truncated cone over its momentum image and a formula by Lawrence [Law91] for the volume of a simple polytope (cf. [GNT17, § 6.2]). Goertsches-Nozawa-Töben also computed the same result via a basic ABBV-type localization formula with respect to the transverse action of t/RR w , cf. [GNT17, Corollary 6.1].
Proposition 5.9. The contact volume of (M, α) = (S 2n+1 , α w ) is given by
Proof. Recall that d G α = dα − µu. We insert the results of Lemma 5.8 into our localization formula. Choose any weights β j such that λ j = λ j for j = l so that Crit µ = ∪ n j=0 C j . Note that C j is 1-dimensional, so only the polynomial part of d G α enters on the right hand side; we need a top degree form on the left hand side when integrating over M, so only dα enters. .
The right hand side has to be independent of the β j , so we can take the limit β 0 → ∞. Then the (j = 0)-summand tends to (−1) n , the others vanish (cf. [GNT17] ). . We obtain from Lemma 5.8 for this special case that the critical set is given by Crit µ = C 0∪ C 1 , where C 0 = S 1 × {0} and C 1 = {0} × S 
Hence, we can write η ∈ H G (M, F ) as η 0 ⊕ η 1 , with η j ∈ H G (C j , F ) ∼ = R[u].
Considering the restriction maps, it becomes evident that η 0 ⊕ η 1 lies in the image of We compute the argument of jkres in the residue formula to be (2π) 2 e iφ/w η 0 (φ) φ(1 + w) − e −iφ η 1 (φ) φ(1 + w) dφ.
